Abstract. An initial-boundary value problem for nonlinear magnetohydrodynamics (MHD) in one space dimension with general large initial data is investigated. The equations of state have nonlinear dependence on temperature as well as on density. For technical reasons the viscosity coefficients and magnetic diffusivity are assumed to depend only on density. The heat conductivity is a function of both density and temperature, with a certain growth rate on temperature. The existence, uniqueness, and regularity of global solutions are established with large initial data in H 1 . It is shown that no shock wave, vacuum, or mass or heat concentration will be developed in a finite time, although the motion of the flow has large oscillations and there is a complex interaction between the hydrodynamic and magnetodynamic effects.
Introduction.
In this paper we are concerned with the initial-boundary value problem and large-time behavior of solutions for plane magnetohydrodynamic flows. Magnetohydrodynamics (MHD) concerns the motion of conducting fluids in an electromagnetic field with a very broad range of applications. The dynamic motion of the fluids and the magnetic field interact strongly with each other. The hydrodynamic and electrodynamic effects are coupled. The equations of three-dimensional magnetohydrodynamic flows have the following form [4, 16, 18] : ρ t + div(ρu) = 0, (1.1) (ρu) t + div(ρu ⊗ u) + ∇p = (∇ × H) × H + divΨ,
E t + div(u(E + p)) = div ((u × H) × H + νH × (∇ × H) + uΨ + κ∇θ) ,
where Ψ = λ (divu)I + µ(∇u + (∇u) ); ρ denotes the density, u ∈ R 3 the velocity, H ∈ R 3 the magnetic field, and θ the temperature; E is the total energy given by
with e the internal energy, 1 2 |u| 2 the kinetic energy, and 1 2 |H| 2 the magnetic energy; the equations of state p = p(ρ, θ), e = e(ρ, θ) relate the pressure p and the internal energy e to the density and temperature of the flow; I is the 3 × 3 identity matrix, and (∇u) is the transpose of the matrix ∇u; λ = λ (ρ, θ) and µ = µ(ρ, θ) are the viscosity coefficients of the flow satisfying λ + 2µ > 0, ν = ν(ρ, θ) is the magnetic diffusivity (see [1] ) acting as a magnetic diffusion coefficient of the magnetic field, κ = κ(ρ, θ) is the heat conductivity, and all these kinetic coefficients and the magnetic diffusivity are independent of the magnitude and direction of the magnetic field (see [18] ). The magnetic permeability differs only slightly from unity and therefore is taken to be 1, which does not appear in the equations. The viscosity and heat conduction terms describe the dissipative processes in MHD.
It is well known that the electromagnetic fields are governed by Maxwell's equations. In MHD, the displacement current can be neglected [16, 18] . As a consequence, the last equation in (1.1) is called the induction equation, and the electric field can be written in terms of the magnetic field H and the velocity u:
Although the electric field E does not appear in (1.1), it is indeed induced according to (1.3) by the moving conductive flow in the magnetic field.
Consider a three-dimensional MHD flow with spatial variables x = (x, x 2 , x 3 ), which is moving in the x direction and uniform in the transverse direction (x 2 , x 3 ):
θ= θ(x, t), u = (u, w)(x, t), w = (u 2 , u 3 
With this special structure (1.4), equations (1.1) are reduced to the following system for the plane magnetohydrodynamic flows with constant longitudinal magnetic field b 1 = 1 (without loss of generality) and λ = λ + 2µ > 0:
where, again as in (1.1), x ∈ R is the spatial variable, t > 0 is the time variable; ρ denotes the density of the flow, u ∈ R the longitudinal velocity, w ∈ R 2 the transverse velocity, b ∈ R 2 the transverse magnetic field, and θ the temperature; the total energy of the plane magnetohydrodynamic flow is
with the internal energy e, and
is the full pressure with p the pressure of fluid. The term 1 2 |b| 2 appears here because of this equality: (∇ × H) × H = (− 1 2 |b| 2 , b) x ; both the pressure p and the internal energy e are related to the density and temperature of the flow according to the equations of state:
e= e(ρ, θ); (1.7) λ = λ(ρ, θ) and µ = µ(ρ, θ) are the viscosity coefficients of the flow, ν = ν(ρ, θ) is the magnetic diffusivity, and κ = κ(ρ, θ) is the heat conductivity. All these dissipation coefficients depend on both ρ and θ generally.
We consider the initial-boundary value problem of (1.5) in a bounded spatial domain Ω = (0, 1) (without loss of generality) with the following initial condition and impermeable, thermally insulated boundaries:
where the initial data satisfy certain compatibility conditions as usual. In this paper, we are interested in the well-posedness and regularity of global solutions to this initialboundary value problem (1.5) and (1.8), as well as the following issue: whether shock waves, vacuum, and mass and heat concentration are developed in the solutions in a finite time, provided that the initial data are bounded, smooth, and do not contain a vacuum. There have been a lot of studies on MHD by physicists and mathematicians because of its physical importance, complexity, rich phenomena, and mathematical challenges; see [1, 3, 4, 6, 8, 12, 13, 16, 18, 19, 20, 23, 24] and the references cited therein. The above initial-boundary value problem is fundamental for the MHD system. We investigate such an important problem for the magnetohydrodynamic fluid flow with the pressure, internal energy, and heat conductivity satisfying certain physical growth conditions on the temperature. These growth conditions are motivated by the physical facts for certain important physical regimes where the temperature is high and experiences rapid change [25] . In particular, the case of perfect gases with p = Rρθ, e = c v θ is included in the class of fluids investigated in this paper, where R is the gas constant, c v = R/(γ − 1) is the heat capacity of the gas at constant volume, and γ is the adiabatic exponent. For perfect gases with small smooth initial data, the existence of global solutions was proved in [12] , and the large-time behavior was studied in [20] . For large initial data, these problems have additional difficulties because of the presence of the magnetic field and its interaction with the hydrodynamic motion of the flow of large oscillation. A free boundary value problem on real MHD flow was studied in [5] .
The main goal of this paper is to establish the existence and uniqueness of a global solution to the initial-boundary value problem with general large initial data in H 1 and to show that neither shock waves nor vacuum and concentration are developed in a finite time. There have been some similar fundamental results on nonlinear thermoviscoelasticity [7] and on viscous heat-conductive real gases [14] . We consider the real magnetohydrodynamic flows with general pressure and internal energy, and permit the generation of heat by the magnetic field as well as its interaction with the fluid motion. We remark that the fundamental idea in [15] for the Navier-Stokes equations of perfect compressible viscous flows does not apply to the problem under consideration for the magnetohydrodynamic flows with general equations of state (1.7). Our approach is then based on the methods in [7, 14] . We introduce the Lagrangian variable and transform the initial-boundary value problem (1.5)-(1.8) into a corresponding problem in Lagrangian coordinates. The existence and uniqueness of local solutions can be obtained by using the Banach theorem and the contractivity of the operator defined by the linearization of the problem on a small time interval (see [21] ). The existence of global solutions is proved by extending the local solutions globally in time based on the global a priori estimates of solutions. We first obtain an entropy-type energy estimate involving the dissipative effects of viscosity, magnetic diffusion, and heat diffusion, which is essential for deducing the lower and upper bounds of the density. Some new techniques are developed to achieve these bounds. With these bounds, all the required a priori estimates are obtained subsequently by our careful analysis and techniques. In particular, the estimates of the temperature θ are complicated because of the complexity of the system for the general flow and will be achieved by developing some detailed analysis of the energy equation. The boundedness of the temperature will be proved by a maximum principle. We remark that for technical reasons the viscosity coefficients and magnetic diffusion coefficient are assumed to depend on the density only, and the heat conductivity cannot be a constant even in the case of perfect flows. It is an open problem to develop more effective techniques to remove these restrictions.
We reformulate the problem and state the main results in section 2, prove the existence of global solutions with initial data in H 1 by establishing the a priori estimates on the density in section 3, on the velocity and magnetic field in section 4, and on the temperature in section 5. ρ 0 (x)dx = 1. We first assume that ρ, θ > 0, and then will prove their positive lower bounds later. We introduce the Lagrangian variable:
We have 0 ≤ y ≤ 1 since y is increasing in x and
We translate problem (1.5)-(1.8) in Eulerian coordinates into the following initialboundary value problem in Lagrangian coordinates (y, t), y ∈ Ω = (0, 1), a moving coordinate along the particle path:
with the initial-boundary conditions
where v = 1/ρ is the specific volume, p = p(v, θ), e = e(v, θ), and
The second law of thermodynamics states the relation between p and e:
Problem (1.5)-(1.8) and problem (2.2)-(2.3) are equivalent for the solutions under consideration. Our main interest is to study the behavior of solutions of this problem with physical equations of state and various physical viscosity coefficients λ, µ, magnetic diffusivity ν, and heat conductivity κ. We assume that p and e are continuously differentiable and κ is twice continuously differentiable in v > 0 and θ ≥ 0. For technical reasons we assume that the viscosity coefficients λ, µ, and ν depend only on v, with continuous first derivatives in v > 0 such that
It is an open problem to handle the case where these viscosity coefficients depend also on temperature. We also assume the growth conditions with exponents r ∈ [0, 1] and q ≥ 2 + 2r such that (1) there exists a constant e 0 > 0 so that, for v > 0 and θ ≥ 0,
These growth conditions are motivated by the physical facts: e ∝ θ 1+r with r ≈ 0.5 and κ ∝ θ 5/2 for important physical regimes where the temperature is high and changes rapidly; see [2, 6, 23, 25] . The perfect gases are included that correspond to the special case r = 0. We remark that, if r = 0, we still need the dependence of the heat conductivity on temperature, and new analysis is required to deal with the constant heat conductivity. For the initial-boundary value problem (2.2), (2.3), we will see that, if the initial data is in H 1 , then the solution will be at least in H 1 , and neither shock waves nor vacuum and concentration are developed in a finite time. Precisely, we have the following results.
Main Theorem. If for some constant
and, for each
where C > 0 is some constant.
The results for the initial-boundary value problem (2.2), (2.3) in the main theorem in Lagrangian coordinates can easily be converted to equivalent statements for the corresponding results for the initial-boundary value problem (1.5), (1.8) in Eulerian coordinates. The details are omitted.
The existence and uniqueness of the local solution to the initial-boundary value problem (2.2), (2.3) is known from the standard method based on the Banach theorem and the contractivity of the operator defined by the linearization of the problem on a small time interval [21] . The global existence of a solution can be obtained by combining the local existence and the global a priori estimates (2.11) using a standard argument (see [9] , for example). The uniqueness of the global solution follows from the uniqueness of the local solution. Therefore the remaining task is to establish the global a priori estimates (2.11).
A priori estimates on density.
We will use the following notation: U = (u, w, b), Π t = (0, 1) × (0, t), and ϑ = 1/θ. Denote the
the L s -norm on Ω ⊂ R by · s , and the L s -norm on Π t ⊂ R 2 by |||·||| s . In the rest of this paper, we will establish the a priori estimates of the solutions for x ∈ Ω and t ∈ (0, T ) with any T fixed.
In this section we prove the following estimates. Lemma 3.1.
where
Proof. We have first from (2.2a), by integration, v = v 0 = 1 without loss of generality. Integrating the energy equation (2.2e) and using (2.6) and the CauchySchwarz inequality yields
where p (1, 1) is the value of p(v, θ) at v = θ = 1. Integrating the above equation over
By (2.6),
and
2 ≥ 0 for some ξ using Taylor's expansion; therefore
then w y = u from (2.2b), and thus
where a(t) ∈ [0, 1] will be determined later. On the other hand, 
There exists a function a(t) ∈ [0, 1] for any t > 0 such that

Ω vwdy = w(a(t), t) Ω vdy = w(a(t), t).
and from (2.7), 
Thus, from the boundary condition (2.3) on b and the estimates above,
that is, v ≤ C and ρ ≥ C −1 . This completes the proof of Lemma 3.1.
A priori estimates on velocity and the magnetic field. We now establish the following estimates on U = (u, w, b).
Lemma 4.1.
Proof. Rewrite (2.2b) as (V y − u) t = P y , multiply it by V y − u, and integrate it to obtain
From (2.7) we observe that
then, using (2.8) and V y = λρv y , we obtain that there exists some constant C 1 > 0 such that Multiplying (2.2c) by w yy and then integrating, and using the interpolation inequality on w y similar to (4.3), we have Using v t = u y , we rewrite (2.2d) as Using Lemma 3.1 and the above estimates, one obtains the following:
The proof of Lemma 4.1 is complete.
A priori estimates on temperature.
We now make estimates on the temperature θ. Due to the complicated structures of the pressure, internal energy, and heat conductivity, as well as the strong coupling of the equations, the estimates on the temperature θ are quite complex.
Lemma 5.1.
Proof. To make the estimates on θ, we first define the following:
We will show that Θ, X, and Y can be controlled by Z, and then we will derive an inequality on Z which yields the upper bound of Z and thus the upper bounds of Θ, X, and Y . From Lemma 4.1, one has
which implies
and thus
where β 1 = 1/(2q + 3 + r). The rest of the proof can be divided into four steps.
Step 1. We now show that X and Y can be controlled by Z. Use (2.5) and rewrite (3.5) as
Multiplying (5.4) by H t , using integration by parts and the boundary condition (2.3), we have
We now estimate all the terms in the above equality. First we have, from (2.6) and (2.7),
for some positive constants C 4 and C 5 . From (2.10),
Using (2.8), (2.9), (5.2), (5.3), Lemmas 3.1 and 4.1, and Young's inequality, we have
with β 2 = (2q + 3 + r)/(4(q + 1 + r)) and 
Using (2.10), (5.3), Lemma 4.1, and Young's inequality yields
Using (5.4), we continue to have 
where β 3 = 2(2q + 3 + r)/(4q + 7 + 4r) ∈ (0, 1) and the following estimate is employed:
which will be shown in the next step. Assuming the estimate (5.7), we conclude, from (5.5) , that
where 0 < β 4 = max{β 2 , β 3 } < 1.
Step 2. The proof of (5.7) is as follows. For some small δ, from Lemma 3.1, For r = 1, using Lemma 3.1, we obtain (5.7) since
Then, from (2.6)-(2.10), Lemma 3.1, and (3.5),
Integrating the above equation and using (2.6)-(2.10) and Lemma 3.1, we have
Then, from the above estimate, we have
If r = 0, replace the above definition of G by G(v, θ) = θ 0 ξ −1/2 e θ (v, ξ)dξ and follow the same procedure to obtain
Step 3. Now we estimate Z. Differentiate (2.2b) with respect to t, multiply it by u t , and then integrate to obtain 
and then, by Lemmas 3.1 and 4.1, . Therefore Z ≤ C since the exponents of Z on the right-hand side of the above inequality are both less than one. Then (5.8) implies X + Y ≤ C.
Step 4. We now prove the positive lower bound of the temperature with the aid of a maximum principle. It follows from (5.2) that |u y | ≤ C. Differentiate (2.2c) with respect to t and then multiply by w t and integrate it to obtain As a consequence, we have C −1 ≤ θ ≤ C from the maximum principle (see [22] ) applied to (5.4) and the boundedness of (v y , u y , w y , b y ), 0 < θ ≤ C (from (5.3)), and the positive lower bound of θ 0 .
This completes the proof of the main theorem.
